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Structural/Acoustic Sensitivity Analysis of a Structure
Subjected to Stochastic Excitation
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A development for computing the structural/acoustic sensitivity of systems subjected to stochastic excitation is
presented. Previous work in the area of structural/acoustic sensitivity analysis considered systems subject to deter-
ministic excitations.The sensitivity computationdepends on the excitation; therefore, new algorithmsare developed
to account for stochastic excitation. The structural/acoustic sensitivity is calculated using � nite element methods,
boundary element methods, and stochastic analysis techniques. Structural/acoustic sensitivities for the radiated
sound pressure spectral density and the radiated sound power are computed. The sensitivity values are calculated
with respect to a set of sizing structural design variables.The random pressure distributionexerted on the surface of
the structure by turbulent boundary-layer � ow is considered as excitation. Two classic structural models, a simply
supported plate and a stiffened simply supported plate, are analyzed to demonstrate and validate the algorithms.
Structural/acoustic sensitivity results are compared successfully to data computed by � nite difference analyses.

Nomenclature
[A]; [B] = acoustic boundary element method (BEM)

system matrices
fAg; fBg = acoustic BEM system vectors
[Ar ] = diagonal elemental area matrix
[B] = damping matrix
E[ ] = expected value
fFg = nodal forcing vector
H = transfer function
i =

p
¡1 imaginary number

[K ] = stiffness matrix
[M ] = mass matrix
PW = radiated acoustic power
fpg = nodal acoustic pressure
Q.!/ = acoustic response quantity
fRg = response vector
S.!/ = spectral density
[T ] = transformationmatrix
fug = nodal displacement vector
fvg = nodal velocity vector
1 = change in structural design variable
@=@h = sensitivity with respect to design variable h
! = radian frequency

Superscripts

H = Hermitian transpose
¤ = complex conjugate

Introduction

T HE analysis of structural/acoustic systems and how changes
in their design variables impact the radiated noise is an ongo-
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ing and evolving area of active research. Finite element methods
(FEM)1;2 and boundary element methods (BEM)3¡7 are the two
main numerical techniques utilized for computing the response of
structural/acoustic systems. In uncoupled simulations, a harmonic
excitation is applied on the structure and the vibration is computed
(FEM). Then, the structuralvibrationis used as the excitationfor the
acoustic analysis (FEM or BEM). Thus, the noise generated from
the vibration of a structure is computed.

Several current analysis techniques employ FEM and BEM for
calculating the sensitivityof the acoustic response with respect to a
structural design variable.8¡13 FEM are utilized for computing the
vibratory response and the dependencyof the vibration to the struc-
tural design variables (structural sensitivities). The vibration of the
structure constitutes the excitation for the acoustic computations.
The acoustic response, the acoustic sensitivity, the structural vibra-
tion, and the structural sensitivity are utilized in the computation
of the combined structural/acoustic sensitivity. The overall acous-
tic response is typically represented in terms of radiated acoustic
pressure or radiated sound power, and therefore, the sensitivities
represent the anticipatedchange in these quantitieswith respect to a
structural design variable. The structural/acoustic sensitivity com-
putationdependson the excitationappliedon the structure.Existing
sensitivity formulations consider only a deterministic excitation.

In several industries (aerospace, automotive, and naval), operat-
ing structuresare subjected to stochastic excitationproducedby the
boundary layer that is generatedfrom an external� ow. In aerospace
applications, the boundary layer of the external air� ow applies a
� uctuating pressure on the fuselage and noise is transmitted in the
interior.14¡16 In automotive applications, efforts are pursued for re-
ducing interior wind noise generated from the air� ow around the
vehicle.3;17;18 Noise transmitted through the side glass window sys-
tem is a particular concern.18;19 In the naval industry, the boundary-
layer excitation can induce vibrations on the hull of a vessel and
generate noise.20

In this paper, structural/acoustic sensitivity algorithms are pre-
sented for systems that are subjected to stochastic excitation. The
effect of structural design variables on the radiated acoustic pres-
sure and the radiated sound power is computed. The algorithms
that determine the sensitivity of the sound pressure spectral den-
sity and the sound power are derived from principles of stochas-
tic analysis, � nite element analysis, and boundary element anal-
ysis. The sensitivity algorithms provide means for assessing the
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impactof changesin the structural/acousticbehaviorof systemssub-
jected to stochastic excitation. The � uctuating pressure associated
with turbulent boundary-layerair� ow is considered as the stochas-
tic excitation applied on the structure. Boundary-layer excitation
is well documented.21¡25 Experimental data and a boundary-layer
modelavailablefrom the literature24;25 are employedfor de� ning the
stochasticexcitationin thispaper.However, thealgorithmsthat com-
pute the structural/acoustic sensitivityare general, and any stochas-
tic excitation that can be de� ned by auto- and cross-spectraldensity
termsmay be utilizedin the sensitivitycomputations.Two structures
with simple geometryand a moderatenumberof degreesof freedom
are analyzed.The � rst structureis a simplysupportedplatesubjected
to boundary-layerexcitation from one side and radiating noise in a
free � eld from the opposite side. The second structure is a stiffened
simply supported plate created by adding two transverse L-shaped
stiffeners placed equidistant along the length of the original simply
supported panel. Similar models have been used in previous re-
search regarding noise transmission, acoustic sensitivity, and noise
transmissionassociatedwith turbulentboundarylayers.23;25¡29 Sen-
sitivity values are calculated for the two structural panels that are
analyzed. The sensitivities are utilized to predict the changes that
will occur in the sound pressure spectral density and the radiated
sound power when a set of structural design variables is perturbed.
The predicted changes in the acoustic response are compared to
changes in the sound pressure spectral density and the sound power
values obtained through � nite differenceanalysis.Good correlation
is observed between the sensitivity and the � nite difference results.
The work presented in this paper contributes signi� cant tools to the
� eld of noise and vibration analysis. New algorithms are formu-
lated, implemented, and validated for computing the following: 1)
radiated acoustic power for systems subjected to stochastic excita-
tion, 2) structural/acoustic sensitivity of the autospectral density of
the radiated acoustic pressure, and 3) structural/acoustic sensitivity
of the radiated sound power.

Theory
In this section, the formulation that computes the noise radi-

ated froma structural/acousticsystemsubjectedto stochasticexcita-
tion26;30 is reviewed.The autospectraldensity of the radiatedacous-
tic pressure is computed by combining the spectral de� nition of the
random excitationwith a set of transfer functions between pressure
excitation applied on the structure26 and the radiated noise. The
transfer functions are computed by FEM and BEM. The transfer
functions are combined with the auto- and cross-spectral densities
of theexcitationto producethe spectraldensityof the radiatedacous-
tic pressure. An algorithm for computing the radiated power for a
system subjected to stochastic excitation is presented. The trans-
fer functions between excitation and acoustic surface pressure are
combined with the transfer functions of the surface velocity, the
structural surface area, and the stochastic excitation to produce the
radiated sound power.

Sensitivity algorithms are developed by differentiating the for-
mulas that calculate the acoustic spectral density, and the radiated
power, with respect to structuraldesign variables.The transfer func-
tions that associate structural vibration with the stochastic excita-
tion are differentiated, and the structural sensitivity is computed.
The structural sensitivity captures the dependency of the structural
vibration to the design variables when the structure is subjected to
stochasticexcitation.The transfer functions that associateeither the
spectral density of the acousticpressureor the radiatedpower to the
structural vibration are differentiated for computing the acoustic
sensitivity.The acoustic sensitivity identi� es the dependencyof the
acoustic pressure and the acoustic power to the structural vibration
that has been generated from a stochastic excitation.The structural
and the acoustic sensitivities are combined to compute the struc-
tural/acoustic sensitivity. The latter identi� es how the level of the
radiated noise or the radiated power depends on structural design
variables for systems that are subjected to stochastic excitation.

Radiated Acoustic Pressure Spectral Density
The calculation of the spectral density of the radiated acoustic

pressure is based on combining a set of transfer functions, associ-

ated with the structural/acoustic system, with the spectrum of the
random excitation.26;30 The transfer functions represent a relation-
ship between a unit uniform excitation placed over a section of the
structure and the acoustic pressure response at locations of interest
within the acoustic medium. The area where the random excitation
is applied is divided into a set of panels. A unit excitation is applied
on each panel, and transfer functions between panel excitation and
acoustic responseat the � eld points are calculated.Criteria based on
convergence of the solution have been developed for determining
the proper panel subdivision.26

The FEM is used to calculate the vibration of the structure when
the excitation is applied over each panel. The structural vibration
constitutes the boundary condition in a boundary element analysis
that computes the radiated noise at every data recovery point of
interest. The � nite element system of equations for a multidimen-
sional vibrating structure subject to a harmonic excitation can be
expressed in matrix form as follows31:

[St]fug D fFg (1)

where [St] D ¡!2[M] C i![B] C [K ]. The forcing vector fFg re-
� ects the unit pressure load appliedon each panel. Thus, the forcing
vector is different when the pressure load is applied on each panel,
and the structural vibration is different. In this work it is assumed
that the acoustic medium does not affect the structural response;
therefore, an uncoupled analysis is performed.

Solving Eq. (1) for fug and multiplying each side of the equa-
tion by a transformation matrix [T ] produces the normal velocity
componentson the surfaceof the acousticboundaryelement model:

fvng D [T ]fug D [T ][St]¡1fFg (2)

The transformationmatrix representsa projectionof the structural
vibration on each element of the acoustic boundary element model.
A factor of (i!) has been absorbed within [T ] to convert displace-
ments into velocities.The vectorof normal velocitiesconstitutes the
boundaryconditionfor the acoustic analysis.In this work, the direct
BEM4;7;32;33 is utilized for acoustic analysis. The distributionof the
unknown acoustic surface pressure f ps g over the boundary element
analysis (BEA) model can be computed as

[A]fps g D [B]fvng D f f .fvng/g (3)

where [A] and [B] depend on the frequency and the type of BEM
analysis and f f .fvng/g is the excitation vector that depends on the
velocityboundaryconditionsand matrix [B]. After the surfacepres-
sure on the BEA model have been computed, the pressure (pdr) at
any data recoverylocationwithin the acousticdomain can be written
as

pdr D fAdrgT fps g C fBdrgT fvng (4)

where vectors fAdrg and fBdrg depend on the geometry, the fre-
quency, and the location of the data recovery point.

Substituting Eqs. (1–3) into Eq. (4) results in

pdr D fRdrgT fFg (5)

where fRdrgT D fAdrgT [A]¡1[B][T ][St]¡1 C fBdrgT [T ][St]¡1 . fRdrg
is the complex vector that captures the radiation characteristics
within the acousticmedium, the � exural characteristicsof the struc-
ture, the relative position of the data recovery point, and the fre-
quency of analysis. fRdrg represents a response function between
any forcing vector applied on the structure and the acoustic re-
sponse at a data recovery point. fRdrg must be computed only once
for each data recovery point and each frequencyof analysis. Multi-
plying the response function with the forcing vector that originates
from a uniform unit pressure load applied on each panel allows the
computation of the acoustic pressure at point k due to a unit pres-
sure load at panel i . This acoustic pressure is equal to the transfer
function Hki :

Hki D pdrk D Rdrk

T fFi g (6)
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Hki is utilizedin the stochasticanalysisalong with the mathematical
model of the boundary layer for computing the acoustic response
due to the boundary-layerexcitation.

The magnitude of the excitation applied on each panel is related
with the autospectral terms SFi Fi .!/. The degree of correlation be-
tween the excitation applied on different panels is expressed by the
cross-spectral terms SFi Fl .!/. The autospectral density of the radi-
ated acoustic pressure at data recovery point k is computed as

Spdrk
.!/ D

i l

Hki ¢ H ¤
kl ¢ SFi Fl .!/ (7)

Taking into account that the acoustic responseat several data recov-
ery points may be required. Equation (7) can be written in matrix
form as

Spdr D [Hdr] SFi Fl [Hdr]
H (8)

where [Spdr ] is a matrix that contains as diagonal entries the power
spectrum of the acousticpressureat the data recoverypoints. [SFi Fl ]
is the power spectral density of the excitation.

The autospectral density of the acoustic pressure at several data
recovery points within the acoustic domain provides a complete
description of the radiated sound. The output autospectral density
of the acoustic response at a data recovery point can be represented
as a sound pressure level (SPL) through the relation

SPLk D 10 log
Spdrk

.2 £ 10¡5 Pa/2
(9)

Equation (8) has been utilized for computing the noise radiation
from panels that are subjected to boundary-layer excitation. The
calculations have been veri� ed by comparison to test data.26;30

Radiated Sound Power
Based on the algorithms used for determining the sound pres-

sure spectral density, the radiated sound power for the system can
be derived. The radiated sound power can be computed from the
surface normal intensity.34 The normal intensity is de� ned to be
the structural surface pressure multiplied by the normal velocity of
the structure. In terms of � nite element and boundary element no-
tation, the radiated sound power of a vibrating structure can be
expressed in matrix notation as5

PW D 1
2

Re fpsgT [Ar ] v¤
n (10)

where fpsg is the vector of elemental surface pressures and fv¤
ng is

the vector of the conjugate values of the elemental surface normal
velocities.Multiplying the velocity vector by the area matrix allows
Eq. (10) to be written as

PW D 1

2
Re fpsgT va¤

n D 1

2
Re

diag

fpsg va¤
n

T
(11)

The area modi� ed velocity vector fva¤
ng is the result of multiplying

the elemental area matrix by the elemental velocity vector. The
pressureand velocityvectors in Eq. (11) can be representedin terms
of excitation forces and transfer functions as

PW D 1

2
Re

diag

E Hps fFi g F¤
l

T
H ¤

va

T
(12)

where [Hps ] is a matrixof acousticsurfacepressureresponsetransfer
functions given by Eq. (3) when acoustic surface pressure is com-
puted for each external excitation. [H ¤

va ] is the conjugate matrix of
surface velocity transfer functions multiplied by the diagonal area
matrix. The surface velocity transfer functions represent the rela-
tionship between panel excitation and elemental velocity response.
fFi g and fF ¤

l g are the forcing vectors over each i th panel and the
conjugateforcingvectorover each lth panel, respectively.The oper-
ator E denotes the mean or expectedvalueof a quantity.The surface
pressure and surface velocity transfer functions are deterministic;
therefore, Eq. (12) can be written as

PW D 1

2
Re

diag

Hps E fFi g F¤
l

T
H ¤

va

T
(13)

By de� nition, the expected value of the two forcing vectors in
Eq. (13) is equal to the spectral density of the excitation applied
over the panels. This equality is written as19

SFi Fl D E fFi g F¤
l

T
(14)

Substituting Eq. (14) into Eq. (13) results in

PW D 1

2
Re

diag

Hps SFi Fl [Hva ]H (15)

Equation (15) is the expression utilized for calculating the radiated
sound power.

Acoustic Pressure Spectral Density Sensitivity
The sensitivityof the acousticpower spectraldensitywith respect

to a given structural design variable is obtained through differenti-
ation of the acoustic power spectral density, Eq. (8), with respect to
a structuraldesign variable. Performing this differentiationgives us
the followingexpressionfor the sensitivityat multiple data recovery
locations:

@ Spdr

@hm
D [Hdr] SFi Fl

@[Hdr]H

@hm
C @[Hdr]

@hm
SFi Fl [Hdr]

H (16)

where @[Hdr]=@hm is the matrix of transfer functionsensitivitiesand
@[Spdr ]=@h contains the sensitivity of the acoustic power spectrum
in the diagonal. Matrix @[Hdr]=@hm can be written as

@[Hdr]

@hm
D

@ H11

@hm
¢ ¢ ¢

@ H1i

@hm
¢ ¢ ¢

@ H1I

@hm
:::

:::
:::

@ Hk1

@hm
¢ ¢ ¢ @ Hki

@hm
¢ ¢ ¢ @ Hk I

@hm
:::

:::
:::

@ HK 1

@hm

¢ ¢ ¢ @ HK i

@hm

¢ ¢ ¢ @ HK I

@hm

(17)

Each structural acoustic component of the sensitivity matrix is ob-
tained by combining structural sensitivities with acoustic sensitivi-
ties. According to the chain rule, the matrix components of Eq. (17)
can be expressed as

@ Hki

@hm

D @ Hk

@vn

T
@vn

@hm i

(18)

where f@ Hk=@vng is referred to as the acoustic sensitivity vector
and represents the sensitivityof the acoustic pressureat the kth data
recovery node due to the surface normal velocity. The structural
sensitivity vector, f@vn=@hm gi , represents the structural sensitivity
of the surface normal velocity that is generated from the external
excitation applied on the i th panel, due to a change in the structural
design variable hm . The vector f@ Hk=@vng is independent of the
actualvelocityboundaryconditions,and it iscomputedonlyoncefor
each frequency of analysis. The vector f@vni =@hm g depends on the
excitationappliedon the structureand must be computed separately
for each load applied on a panel.

When Eqs. (3), (4), and (6) are used, the acoustic sensitivitiescan
be written explicitly as

@ Hk

@vn
D fAdrgT [A]¡1[B] C fBdrgT (19)

The right-hand side of Eq. (19) comprises matrices and vectors
that are calculated when determining the acoustic pressure spec-
tral density. Therefore, no additional computationsare required for
calculating the acoustic sensitivities.
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The structural sensitivitiesare obtainedby differentiatingEq. (2):

@vn

@hm i

D [T ]
@u

@hm i

(20)

where fugi D vector of displacements created on the structure due
to application of uniform pressure on the i th panel. The sensitivity
of the nodal displacements is computed35:

@u

@hm i

D ¡[¡!2[M ] C i![B] C [K ]]¡1

£ ¡!2 @[M]
@hm

C i!
@ [B]
@hm

C @[K ]
@hm

fugi (21)

Because the value of fugi appears on the right-hand side of Eq. (21),
the structural sensitivity f@u=@hmgi depends on the vibration and,
therefore, on the applied structural load. Thus, f@u=@hm gi must be
computed separately for the external load applied on each panel.
Once the structural sensitivities and the acoustic sensitivities have
been calculatedfor a given frequency,they are inserted into Eq. (18)
and the structural/acoustic sensitivities are determined. Then, the
matrix multiplication expressed in Eq. (16) is performed to obtain
the sensitivityof the acousticpressuredensitywith respect to design
variable hm .

Radiated Sound Power Sensitivity
The sensitivity of the radiated sound power is calculated by dif-

ferentiating Eq. (15) with respect to a structural design variable:

@PW

@hm
D

diag

1
2

Re Hps SFi Fl

@[Hva ]H

@hm

C
@ Hps

@hm
SFi Fl [Hva ]H (22)

where @[Hva]H =@hm is the Hermitian transpose of the structural
sensitivities and has dimensions equal to the number of panels by
number of elements in the model and @[Hps ]=@hm is the matrix of
the structural/acoustic sensitivities for the acoustic surface pressure
and has dimensions equal to the number of elements by number
of panels. In the computation of the power sensitivity, the columns
of the structural sensitivity matrix, @[Hva ]=@hm , are obtained by
multiplyingEq. (20) by the diagonalarea matrix [Ar] for each panel.
The computation of @[Hps ]=@hm is performed by evaluating the
acousticsensitivityof the acousticsurfacepressureand combiningit
with the structuralsensitivity.The acousticsensitivityof theacoustic
surface pressure can be computed by differentiating Eq. (3) with
respect to the normal velocity of each element:

@ps

@vn
D [A]¡1[B] (23)

where [@ps=@vn ] contains in each column the derivative of all of
the acoustic surface pressureswith respect to the normal velocityof
a particular element. Each column corresponds to a differentiation
with respect to a different element velocity. The structural/acoustic
sensitivity of the acoustic surface pressure is computed as

@ Hps

@hm
D @ps

@vn

@[Hv]

@hm

(24)

where @[Hv]=@hm contains as columns the structural sensitivities
f@vni=@hmg that are computed by Eq. (20). Then, the sensitivity of
the radiated power with respect to a structural design variable is
computed from Eq. (22).

Application and Validation of Results
Two plate con� gurations are analyzed to validate the developed

algorithms and to demonstrate their functionality. A simply sup-
ported � at plate and a stiffened simply supported plate are consid-
ered.The � uctuatingpressureof boundary-layer� ow comprises the
excitation and is applied on one side of the plate while the acoustic

radiation from the opposite side in a free � eld is computed. The
dimensionsand the properties of the � at plate are identical to a con-
� gurationthathasbeenanalyzedin thepast26 andcorrelatedwith the
test data available in the literature.36 The stiffened plate is derived
from the � at plate by adding transverse stiffeners to the radiating
side. The stiffeners are only added to the structural model because
the effect of the stiffeners as noise sources is considerednegligible.

Structural/acoustic analyses are performed for baseline designs
of the two con� gurations in the frequency range 50–1000 Hz. The
sound pressure spectral density is computed at three data recovery
nodes.One of the data recoverynodes is positionedalong thecenter-
lineof theplateand theother two at symmetricpositionswith respect
to the centerline to inspect the calculationsfor the expectedsymme-
try. The radiated sound power is computed at four frequencies that
demonstrate consistently high values for the acoustic pressure re-
sponseat the threedata recoverypoints.Sensitivitycomputationsfor
the soundpressurespectraldensityand the radiatedsoundpower are
performedat frequenciesbracketingthe four frequenciesof peak re-
sponse.The computedstructural/acousticsensitivitiesare compared
to values derived from � nite difference analyses. Good correlation
is observed for both the pressure spectral density and the radiated
power.

To perform the computations associated with the theoretical de-
velopments presented in the preceding section, a commercial FEM
code and the software implementation of the acoustic and the sen-
sitivity computationsare utilized. A commercial FEM code is used
for calculatingthe structuralmatrices, the excitationvectors,and the
structural sensitivity of a structure that is subjected to unit external
load applied on each panel subdivision.

New software has been developed for computing 1) the noise
radiated from the structural vibration, 2) the acoustic sensitivity of
the acoustic pressure at a data recovery point or on the surface of
the BEM model with respect to the velocity boundary conditions,
3) the radiated noise and radiated power from a structure subjected
to stochastic excitation, and 4) the structural/acoustic sensitivity of
the radiatednoise and the radiatedacousticpowerwhen the structure
is subjected to stochastic excitation.

The direct BEM is utilized for performing computations 1 and
2. The structural vibration, the structural sensitivity, the acoustic
results, and the acoustic sensitivity are combined along with the
stochastic de� nition of the excitation in computations 3 and 4 for
performing the computations outlined.

The stochastic excitation employed in the applications corre-
sponds to the � uctuating pressure of a turbulent boundary-layer
air� ow over a � at surface. The autospectral density of the pressure
distribution is typical of a 35.8 m/s boundary-layer � ow.26;36 The
autospectral density of the excitation generates the diagonal terms
of [SFi Fl ]. The off-diagonal values, cross-spectrum terms, of the
excitation matrix are generated using the semi-empirical equations
provided by Smol’yakov and Tkachenko.24 The cross-spectralden-
sity terms are a functionof frequency,panel separation,autospectral
density value, � ow speed, and turbulent boundary-layer thickness.
Details regarding the description of the excitation matrix are pre-
sented in Refs. 24 and 26.

Simply Supported Plate
The � rst structure analyzed is a simply supported � at plate. The

plate is made of aluminum with the characteristics described in
Table 1. The � nite element model of this structure consists of 270
nodesand 238 quadrilateralelements.This descritizationis selected
to representadequately the highest anticipatedmode of vibration in
the frequency range of analysis. Analysis of this structural acoustic
system is conductedover the frequencyrange 0–1000Hz. The � nite
element model is shown in Fig. 1. The origin is placed at the lower
left corner of the model as shown in Fig. 1. The simply supported
plate lies on the z D 0 plane. The turbulent boundary-layer � ow
excitation is distributedover the entire Cz face of the plate. Figure 1
also shows the panel division used in this analysis. A division of 30
panelswas foundto captureaccuratelytheeffectsof theexcitation.26

The FEM model is utilizedforgeneratingthe structuralmatricesand
the forcing vectors. During the sensitivity analysis, it is utilized for
computing the structural sensitivities.
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Sound pressure density values are calculated at three data recov-
ery nodes. All three data recovery nodes are located at the end of
the plate farthest downstream. One data recovery node (DR node
2) is placed at the centerline of the plate, while the other two (DR
nodes1 and 3) are placed at the opposingplate corners symmetric to
the centerline. The thickness of the plate is utilized for de� ning the
structural design variables. Two separate plate thickness con� gura-
tions are analyzed. In both con� gurations, the plate is divided into
thickness strips aligned with one of the principle axes of the plate.
The � rst con� guration consists of four strips positioned longitudi-
nally. The thickness of the plate at each strip is considered as an
independent design variable. The second con� guration consists of
� ve strips running transverselyalong the plate, and the correspond-
ing plate thicknesses of the strip constitute the design variables. A
uniform thickness distribution is considered as the baseline design
for all sensitivity computations. The initial thickness for the design
variables is listed in Table 1. The two thickness con� gurations for
the simply supported plate are shown in Fig. 2 along with the three
DR nodes. DR nodes 1, 2, and 3 are located at (0.458, ¡0:035,
0.458) m, (0.458, 0.165, 0.458) m, and (0.458, 0.365, 0.458) m, re-
spectively. All distances are referenced to the origin in Fig. 1. The
three DR nodes used in this analysis lie approximately one plate
length in front of the vibrating surface.

Sound is considered to radiate from the side of the vibrating
plate opposite to the side where the boundary-layer excitation is
applied. Therefore, the boundary element model consists of a � at

Table 1 Characteristics for the simply supported plate
and stiffened simply supported plate

Characteristic Value

Material Aluminum
Density 2:7 £ 103 kg/m3

Poisson’s ratio 0.33
Young’s modulus 7:3 £ 1010 N/m2

Length 0.46 m
Width 0.33 m
Initial thickness 0.0048 m
Structural damping 2.0%
Stiffener length 0.33 m
Flange width 0.0271 m
Web height 0.0361 m
Stiffener initial thickness 0.0048 m

Fig. 1 Simply supported plate � nite element model, panel con� guration, and reference origin.

section representing the radiating side of the � exible plate and a
cover composed of � ve rigid sides attached to the � exible plate.26

The presenceof the rigid cover in the acousticmodel is necessary to
permit noise radiation only from one side of the � exible plate. The
boundary element model consists of 664 nodes and 1324 triangular
elements. The depth of the cover is 0.08 m. The depth value is
selected to ensure that no irregular frequencies will be encountered
during solution of the BEM system of equations, and it does not
affect the SPLs calculated in the numerical analysis. The presence
of the cover suppresses the noise radiated from the enclosed side of
the plate.

A baseline acoustic pressure spectral density curve is generated
for DR node 1. Figure 3 shows the results of 50 analyzed frequen-
cies. In Fig. 3, the acoustic pressure spectral density is presented in
terms of its equivalent decibel value calculated from Eq. (9). The
frequencies of analysis that de� ne the curve in Fig. 3 are selected
such that the system resonances would be accurately represented.
The � rst two system resonances occur at 165 and 333 Hz. These
frequencies coincide with the � rst normal mode (1,1) and the sec-
ond normal mode (2,1) calculated from the analytical solution of a
simply supportedplate.Correlationof the baseline resultspresented
in Fig. 3 with test data has been presented in Ref. 26. The baseline

Fig. 2 Thickness con� gurations for the simply support plate and DR
node locations.
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Table 2 SPL results with associated acoustic PSD values for frequencies bracketing � rst two structural
resonances of the simply supported plate

DR node 1 DR node 2 DR node 3Frequency,
Hz SPL, dB PSD, Pa2 /Hz SPL, dB PSD, Pa2/Hz SPL, dB PSD, Pa2 /Hz

163.0 43.4 8:69E¡06 44.2 1:05E¡05 43.4 8:69E¡06
167.0 45.1 1:29E¡05 45.9 1:56E¡05 45.1 1:29E¡05
331.0 37.9 2:47E¡06 39.4 3:45E¡06 37.9 2:47E¡06
335.0 36.2 1:68E¡06 37.6 2:33E¡06 36.2 1:68E¡06

Table 3 Sensitivity values for the acoustic PSD with respect to con� guration 1
design variables

Acoustic PSD sensitivity, Pa2/m ¢ Hza
Frequency,
Hz t1 t2 t3 t4

163.0 ¡5:68E¡02 ¡5:06E¡02 ¡5:06E¡02 ¡5:68E¡02
167.0 8:38E¡02 7:18E¡02 7:18E¡02 8:38E¡02
331.0 ¡1:18E¡02 ¡1:09E¡02 ¡1:09E¡02 ¡1:18E¡02
335.0 1:11E¡02 9:74E¡02 9:74E¡02 1:11E¡02

aResults for DR node 2.

Table 4 Sensitivity values for the acoustic PSD with respect to con� guration 2 design variables

Acoustic PSD sensitivity, Pa2 /m ¢ Hza
Frequency,
Hz t1 t2 t3 t4 t5

163.0 ¡3:79E¡02 ¡3:31E¡02 ¡3:53E¡02 ¡3:33E¡02 ¡3:82E¡02
167.0 5:65E¡02 4:76E¡02 4:99E¡02 4:74E¡02 5:61E¡02
331.0 ¡7:90E¡03 ¡6:05E¡03 ¡4:95E¡03 ¡6:31E¡03 ¡7:45E¡023
335.0 6:74E¡03 5:71E¡03 4:73E¡03 5:53E¡03 7:01E¡03

aResults for DR nodes 1 and 3.

Table 5 Radiated sound power and sound power sensitivity values with respect to thickness
con� guration 1 design variables

Sound power sensitivity, N/sFrequency, Radiated sound
Hz power, N ¢ m/s t1 t2 t3 t4

163:0 2:98E¡08 ¡1:81E¡04 ¡1:60E¡04 ¡1:61E¡04 ¡1:82E¡04
167:0 4:46E¡08 2:36E¡04 2:02E¡04 2:02E¡04 2:35E¡04
331:0 1:18E¡08 ¡4:20E¡05 ¡3:86E¡05 ¡3:86E¡05 ¡4:20E¡05
335:0 7:11E¡09 3:50E¡05 3:08E¡05 3:08E¡05 3:50E¡05

Fig. 3 Baseline SPL response for the simply supported plate at DR
node 1.

response curve is generated for DR node 1, an off-axis location, so
that all of the system resonances will appear. From Fig. 3, 20 fre-
quencies are selected at which the sensitivity analysis is performed.
The expected symmetry is observed in the acoustic results between
positions of DR node 1 and DR node 3. For brevity, results for only
the four frequencies surrounding the � rst two resonances are pre-
sented (Table 2). Because of the symmetry of the structural/acoustic
system, the acousticpressure results for the two data recoverynodes
along the plate corners (DR nodes 1 and 3) are the same.

The sensitivity of the acoustic pressure spectral density is calcu-
lated for the four frequencieslisted in Table 2. Sensitivityvalues are
calculated with respect to the structural design variables de� ned in
the two thickness con� gurations considered in this work. Table 3

contains the acoustic pressure spectral density sensitivities for the
four thickness design variables corresponding to the design vari-
ables of con� guration 1. The sensitivityvalues are provided for DR
node 2. Because of symmetry, the sensitivity values with respect to
design variables t1 and t4, as well as t2 and t3, are expected to be
the same. The symmetry criterionis satis� ed accordingto the results
presented in Table 3. The sensitivityvalues calculatedfor DR nodes
1 and 3 with respect to the � ve design variables of con� guration 2
are expected to be the same. The sensitivities are listed in Table 4.
Sensitivity values calculated for DR nodes 1 and 3 are the same,
as anticipated. Sensitivity calculations for each con� guration took
approximately 6:0 £ 103 CPU seconds per frequency of analysis.

The radiated sound power and the radiated sound power struc-
tural/acoustic sensitivityare calculatedat the same four frequencies
for con� guration1 and are listedin Table5. Sensitivitycomputations
took approximately 1:3 £ 104 CPU seconds per frequency. Similar
to the sound pressure spectral density values for this con� guration,
the sound power sensitivitiesdisplay the appropriatesymmetrywith
respect to the symmetric design variables.

To further validate the sensitivity computations, certain design
variablesare altered and reanalysis is performed.Acoustic pressure
spectral density and sound power values are computed for the mod-
i� ed designs. The new acoustic pressure spectral density and sound
power values are compared to expected values that are predicted
from the sensitivity computations as

Q.!/ D Q i .!/ C
n

m D 1

@Q.!/

@hm
¢ 1m (25)
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Q.!/ is either the sound power spectral density at a DR node or
the radiated sound power. Q i .!/ is the value of the quantity of in-
terest for the baseline design, @ Q.!/=@hm is the structural/acoustic
sensitivity of the quantity of interest with respect to structural de-
sign variable hm , 1m is the change in the structural design variable
hm , and n is the number of structural design values perturbed. For
con� guration 1, design variable t4 is increased by 3%. The sound
power spectral density at DR node 2 and the radiated sound power
are predicted according to Eq. (25). The results are compared to
the actual values computed for the modi� ed design (Table 6). Good
agreement exists between the values predicted from the utilization
of the structural/acousticsensitivitiesand the reanalysisresults with
the exception of results at 163.0 Hz. Sensitivity calculations at this
particular frequency represent a response shift into the very sharp
� rst structural resonance of 165 Hz. Therefore, because Eq. (25)
constitutes a linear approximation, it cannot capture accurately the
occurring change when moving in an extremely narrow resonance
peak. Similar computations are performed for con� guration 2 and
a 3% increase in the thickness of design variable t5. Results for the
acoustic pressure spectral density at DR node 2 are summarized in
Table 7, and good correlation is observed.

Stiffened Simply Supported Plate
The second structure analyzed is a stiffened, simply supported

plate. This structure is derived from the simply supported plate de-

Table 6 Finite difference results vs actual reanalysis results
of acoustic response quantitiesa

Acoustic PSD, Pa2/Hzb Radiated sound power, N ¢ m/sFrequency,
Hz Predicted Actual Predicted Actual

163.0 3:71E¡06 5:25E¡06 3:59E¡09 1:31E¡08
167.0 2:56E¡05 2:95E¡05 7:84E¡08 7:37E¡08
331.0 2:22E¡06 1:64E¡06 5:76E¡09 5:89E¡09
335.0 3:46E¡06 3:83E¡06 1:22E¡08 1:25E¡08

aChange in design variable t4, thickness con� guration 1. bResults for DR node 2.

Table 7 Finite difference results vs actual
reanalysis results of acoustic PSDa

Acoustic PSD, Pa2/Hzb
Frequency,
Hz Predicted Actual

163.0 3:85E¡06 5:88E¡06
167.0 2:54E¡05 2:73E¡05
331.0 1:96E¡06 1:84E¡06
335.0 3:74E¡06 3:73E¡06

aChange in design variable t5, thickness con� guration 2.
bResults for DR node 2.

Table 8 SPLs with associated acoustic PSD value for frequencies bracketing the � rst two structural
resonances of the stiffened, simply supported plate

DR node 1 DR node 2 DR node 3
Frequency,
Hz SPL, dB PSD, Pa2 /Hz SPL, dB PSD, Pa2/Hz SPL, dB PSD, Pa2 /Hz

628.0 39.0 3:20E¡06 40.5 4:44E¡06 39.0 3:20E¡06
637.0 39.0 3:21E¡06 40.5 4:49E¡06 39.0 3:21E¡06
683.0 38.2 2:67E¡06 39.3 3:39E¡06 38.2 2:67E¡06
687.0 39.0 3:20E¡06 40.1 4:07E¡06 39.0 3:20E¡06

Fig. 4 Finite element model of the stiffened, simply supported plate and design variable de� nition.

scribed in the preceding section by adding two L-shaped transverse
stiffeners equidistant along the length of the plate. The stiffened,
simply supportedplate is analyzedas a representativecon� guration
of an aerospace application that constitutes a geometrically more
complex structure than the simply supported plate. The turbulent
boundary-layer� ow is consideredto applyexcitationon the smooth
side of the stiffened plate. Acoustic radiation is consideredfrom the
stiffened side of the plate into an unboundedacoustic medium. The
stiffeners are assumed not to have any source effects or impact the
directivity of the radiated sound.

The � nite element model for the stiffened simply supportedplate
appears in Fig. 4. The characteristics of the stiffeners are listed
in Table 1. The simply supported plate, also described in Table 1,
forms the base to which the stiffeners are attached. The � nite el-
ement model for the stiffened, simply supported plate comprises
of 561 nodes and 378 quadrilateralelements. The structural design
variablesfor the stiffenedplatecomprise the four thicknessvariables
associatedwith con� guration1 of the � at plate, plus eight additional
design variables associatedwith the thickness of the stiffeners.The
eight additionalstructuraldesign variables associatedwith the stiff-
eners are shown in Fig. 4. The natural frequencies of the stiffened
plate are calculated via modal analysis and used as a basis for se-
lecting frequencies of analysis.

Similar to the simply supportedplate, the acousticpressure spec-
tral density baseline responsecurve is generatedfor DR node 1 over
the 1000-Hz frequency range. The results are shown in Fig. 5. As
expected, because of the inclusion of stiffeners, resonances appear
at higher frequencies. The two highest acoustic pressure spectral
density levels occur at frequencies of 635 and 685 Hz. Four fre-
quencies bracketing the two peak responses are selected for further
sensitivity analysis. Values for the sound pressure spectral density
at the three data recoverynodes are given in Table 8. Once again the
acoustic results at DR nodes 1 and 3 display symmetry as expected.

Sensitivityvalues for the acousticpressurespectraldensity(PSD)
at DR node 2 are calculated with respect to all 12 design variables
detailed in Figs. 2 and 4. These sensitivities are listed in Table 9.
The structural/acoustic sensitivity results with respect to symmetri-
cally placed design variables acquire the same values as expected.
The acoustic pressure sensitivity calculations took approximately
8:0 £ 103 CPU seconds per frequency of analysis to complete. The
radiated sound power and the structural/acoustic sensitivity of the
sound power are calculated with respect to all 12 stiffener design
variables,and results are summarized in Table 10. The sound power
sensitivity calculations required 1:4 £ 104 CPU seconds per fre-
quency. The results re� ect all expected equality trends due to the
symmetry demonstrated in the de� nition of the structural design
variables.

To further validate the structural/acoustic sensitivity, computa-
tions for the stiffenedplateperturbationsare introducedin thedesign
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Table 11 Finite difference results vs actual reanalysis results
of acoustic response quantitiesa

Acoustic PSD, Pa2/Hzb Radiated sound power, N ¢ m/sFrequency,
Hz Predicted Actual Predicted Actual

628.0 2:43E¡06 2:52E¡06 9:03E¡10 9:43E¡10
637.0 3:80E¡06 3:76E¡06 1:43E¡09 1:41E¡09
683.0 2:57E¡06 2:57E¡06 7:66E¡10 7:65E¡10
687.0 3:30E¡06 3:29E¡06 9:72E¡10 9:68E¡10

aUniform increase in design variables t9 and t10, stiffened simply supported plate.
bAcoustic pressure results for DR node 2.

Table 12 Finite difference results vs actual
reanalysis results of acoustic PSDa

Acoustic PSD, Pa2 /Hzb
Frequency,
Hz Predicted Actual

628.0 2:68E¡06 2:72E¡06
637.0 3:60E¡06 3:59E¡06
683.0 2:60E¡06 2:60E¡06
687.0 3:27E¡06 3:26E¡06

aUniform increase in design variables t9– t12, stiffened
simply supported plate.
bResults for DR node 2.

Fig. 5 SPL of corresponding sound PSD for the stiffened simply sup-
ported plate: results at DR node 1.

variables and reanalyses are performed. First, the thickness associ-
ated with structuraldesign variables t9 and t10 are increasedby 3%.
The spectral density of the acousticpressure and the radiatedpower
are computed from the structural/acoustic sensitivitiesand the base-
line responseaccording to Eq. (25). The same acousticvariablesare
computed through reanalysis of the perturbed design. The results
are summarized in Table 11, and good correlation is observed be-
tween the predicted and actual values. Then, a uniform increase of
1% is imposed to all of the design variables t9– t12, and similar
computations are performed for the spectral density of the acoustic
pressure at DR node 2. The results are summarized in Table 12, and
good correlation is observed.

Conclusions
New algorithms for calculating the radiated sound power and the

structural/acoustic sensitivities of a structure subject to stochastic
excitation are presented. To validate and demonstrate the new de-
velopments, sensitivity analysesare conducted for two models. The
� uctuating wall pressure of a turbulentboundary layer provides the
stochastic excitation in the two applications.The � rst con� guration
is a simply supported � at plate that has been utilized in previous
structural/acoustic studies. The second structure is a stiffened sim-
ply supportedplate. The � uctuating pressure of a boundary layer is
appliedon one side of the plates. Acoustic radiation from the oppo-
site side is considered.The sensitivityof the acoustic response with
respect to a set of structural design values for both models are cal-
culated and validated through comparison with reanalysis results.
Expected trends due to symmetry in the de� nition of the design
variables are also observed in the results. The structural/acoustic
sensitivityalgorithmspresentedin thispaperextendsensitivityanal-
ysis techniquesto structural/acousticsystemssubjectedto stochastic
excitation.
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